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Abstract
Using Monte Carlo simulations of perturbations induced by cosmic strings
on the microwave background, we demonstrate the scale invariance of
string fluctuation patterns. By comparing string-induced fluctuation pat-
terns with gaussian random phase ones, we show that the non-gaussian
signatures of the string patterns are detectable by tests based on the mo-
ments of the distributions only for angular scales smaller than a few ar-
cminutes and for maps based on the gradient of temperature fluctuations.
However, we find that tests of the gaussianity of the moments fail when
we include a reasonable amount of instrumental noise in a pattern. Sig-
nal to noise ratios of 3.3 or greater completely suppress a string pattern’s
non-gaussian features even at the highest resolutions.
1E-mail address: agilbert@cfa.harvard.edu
2E-mail address: lperivol@cc.uoi.gr
1 Introduction
The major progress made during the last decade in both cosmological observa-
tion and theory has made the search for understanding of the origin of cosmic
structure one of the most exciting fields of scientific research.
Two classes of theoretical models explaining the origin of structure have
emerged during the last decade and have survived with only minor adjustments
through strong constraints imposed by detailed observational data. According
to the first class of models, the primordial fluctuations that gave rise to structure
in the universe were produced by quantum fluctuations of a scalar field during a
period of exponential growth of the size of the universe. This period is known as
inflation and was invented in order to causally explain the observed large scale
isotropy and homogeneity of the universe. The primordial fluctuations produced
during inflation may be shown to obey Gaussian statistics and to have a scale
invariant spectrum. In this context scale invariance means that the amplitude
of fluctuations at the time when they enter the causally connected horizon is
fixed (i.e. independent of cosmic time).
According to the second class of theories, primordial fluctuations are pro-
vided by seeds of trapped energy density produced during a phase transition
in the early universe. Such plase transitions are predicted by particle physics
theories known as Grand Unified Theories (GUT’s), which attempt to unify all
known interactions under a single theory. The transition is predicted to occur
at 10−35 seconds after the Big Bang, when the temperature of the universe is
about 1016GeV .
The seeds of energy produced during the phase transition are called topo-
logical defects and are effectively localized regions where the symmetric high
temperature phase of the universe has been trapped and its decay to the present
low temperature vacuum manifold is prevented by topological considerations.
According to their geometry, topological defects are classified into monopoles
(stable pointlike defects), cosmic strings (stable linear defects), domain walls
(planar defects), and textures (collapsing pointlike defects). Most theories for
large scale structure formation based on monopoles and domain walls face severe
conflicts with observations and are not favored [1]. On the other hand, theories
based on cosmic strings and textures show several encouraging features when
compared with observations and are among the main contendors proposed to
explain the origin of structure in the universe.
In what follows, we focus on observational tests for theories based on cosmic
strings.
The formation and evolution of strings is described in a review by Vilenkin
[2]. It has been shown, using both analytical arguments [2] and numerical simu-
lations [3] of string network evolution, that the network of strings approaches a
configuration which looks the same at all times with respect to the causal hori-
zon scale. This configuration is known as the scaling solution. According to this
solution the string network at any given time consists of about 10 long strings
1
with radii of curvature of the order of the causal horizon scale, along with a
component of small string loops with radii much smaller than the horizon scale
[3].
The presence of such a network in the universe results in several observational
predictions which can be used to test the underlying theory. The most important
prediction is that of large scale structure formation. At early times, the cosmic
string network produces density and velocity perturbations in the surrounding
matter. These perturbations grow gravitationally and can lead to the presently
observed structure in the universe. It has been shown [4, 5] that the mass per
unit length (µ) of strings required in order to get bound structures by today is
Gµ ≃ 10−6 (1)
where G is Newton’s constant, included to obtain a dimensionless number. This
condition is consistent with requirements imposed by microphysics in order to
make GUT’s consistent with particle physics accelerator experiments [6, 7]. If
this condition is satisfied, the cosmic string model predicts the existence of the
following: filaments and sheets of galaxies (formed in the wakes of moving long
strings) with thicknesses comparable with observations [5, 8, 9, 10]; coherent
large-scale velocity fields [11, 12]; perturbations on the microwave background
sky [13]; and galactic magnetic fields [14]. It also predicts the existence of ultra-
high energy gamma ray events [15, 16], gravitational lensing of quasars [17], and
a stochastic gravitational radiation background [18]. Despite the large number
of predictions made by the string model and the detailed existing data, it has
not been possible to rule out the model using any particular observation. This is
due in part to the complexity of the model, which introduces large uncertainties
in its predictions, but it may also be due to features of the model which could
contain elements of the physically realized theory.
The recent detection of fluctuations on the 2.7K microwave background sky,
first by the COBE collaboration on angular scales of 10◦ [13] and later by other
experiments on smaller angular scales, has provided a powerful new tool for
testing theoretical models. The main source of string-induced fluctuations on
the microwave background at large angular scales is the Kaiser-Stebbins effect.
According to the Kaiser-Stebbins effect, a moving long string present be-
tween the last scattering surface (the horizon at the time of recombination trec)
and the present time t0 produces temperature discontinuities between photons
reaching the observer from opposite sides of the string (Figure 1). These discon-
tinuities have the form of a step function [19, 20], and are caused by the geometry
of spacetime around the string; the space around a straight long string is locally
flat, but globally it has the geometry of a cone with a deficit angle equal to
8πGµ [21]. Thus, a moving long string interacts nontrivially with microwave
background photons.
The magnitude δT of these discontinuities is given by:
δT
T
= ±4πGµvsγskˆ · (vˆs × sˆ), (2)
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where ~vs is the velocity of the string, kˆ is the unit wave vector of the perturbed
photon, and sˆ is a unit vector along the string. Due to the effects of compen-
sation [22, 23] and finite string radius of curvature, the scale over which these
discontinuities persist is about equal to the radius of curvature of the long string,
which according to the scaling solution is approximated by the causal horizon
scale at the time when the photon interacted with the string. An observer scan-
ning the sky along a line which intersects a long string will detect a temperature
perturbation pattern which cuts off at horizon scales due to the above effects;
the degree of sharpness of the cut-off is not well-determined, but Magueijo has
shown that compensation is affected by a gravitational shock front, which im-
plies a sharp cutoff of the gravitational effects of long strings at horizon scales
[24]. We therefore approximate the temperature perturbation of a long string as
a step function whose cut-off at the horizon scale is discontinuously sharp, and
whose width is proportional to the horizon scale at the time when the string
was present. It follows that the predicted temperature pattern along a line on
the sky may be found by superposing the step functions corresponding to all
strings present from trec to the present, t0. This model for the Kaiser-Stebbins
effect has the most discontinuous possible cut-off, so if the actual form of the
string seed function is less discontinuous, our results are too optimistic.
The construction of patterns of string-induced cosmic microwave background
fluctuations suggests two interesting classes of tests for the string model. The
first class involves the properties of the power spectrum P (k) of the pattern of
fluctuations F (θ) = δTT (θ), a function of the angle θ along an arc of a great
circle in the sky. The Fourier transform of the pattern is given by
f(k) =
∫ ∞
−∞
F (θ)e−ikθdθ, (3)
and the power spectrum P (k) is then defined as the ensemble average of the
squared magnitude of the Fourier transform,
P (k) =< |f(k)|2 >, (4)
where <> denotes ensemble average.
The temperature fluctuations detected in the COBE experiment have been
shown to have slightly different spectral indices n for different methods of cal-
culating n, but these values are all consistent with a scale invariant spectrum.
Bennett et. al. find n ≈ 1.4± 0.5 [25], and Wright et. al. find n ≈ 1.2± 0.4
using a basis other than the spherical harmonics in order to account for the
omission of data in the region of the galactic plane [26]. Scale invariant per-
turbations are democratic perturbations for which no particular scale is favored
over others, and whose amplitude is the same for both large and small scales.
For scale invariant perturbations along an arc on the sky, it may be shown that
[27] kP (k) = constant. The power spectrum is considered scale invariant when
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its correlation function, the Fourier transform of the power spectrum, is con-
stant for all θ. The correlation function smoothed on an angular scale θ0 is
given by
C(θ)θ0 = <
δT
T
(θ1)
δT
T
(θ1 + θ) >
θ1
≈ 1
2π
∫
eikθP (k)W (k − k0)dk, (5)
where k0 ≡ piθ0 and W (k − k0) is a filter function filtering out smoothed modes.
For scale invariant perturbations we have
C(0)θ0 ≈
∫
P (k)W (k − k0)dk ≈ constant, (6)
where<>θ1 indicates an average over all θ1 [28]. Therefore the rms temperature
fluctuations corresponding to a scale invariant spectrum are independent of the
smoothing scale.
Since string-induced temperature perturbations are produced by a superpo-
sition of step functions whose amplitude is constant on the average and whose
scales vary continuously from a minimum scale equal to the horizon at trec to
a maximum scale equal to the horizon at t0, we expect this model to produce a
spectrum that is scale invariant for a wide range of scales. In the next section
we will test this prediction using Monte Carlo simulations.
The second class of tests involves the identification of the non-gaussian fea-
tures of string perturbations.
One of the main predictions of models based on inflation is that the proba-
bility distribution of primordial perturbations is described by a gaussian. Since
the microwave background is a direct window to these primordial perturbations,
inflation predicts that the probability Q(δ) for detecting a temperature fluctu-
ation δ = δTT in a given pixel along an arc of the sky in an experiment is given
by
Q(δ) =
1√
2πσ2
exp(− δ
2
2σ2
), (7)
where σ = ( δTT )rms is the root mean square temperature fluctuation obtained
from all pixels.
On the other hand, cosmic string perturbations are produced by superposi-
tion of seed functions. Such a superposition in general leads to a non-gaussian
probability distribution for the resulting perturbations. However, in the limit
of a very large number of superposed seeds per pixel, the central limit theo-
rem [29] predicts that the resulting perturbations will be gaussian to a good
approximation. The number of superimposed seeds per pixel increases as the
resolution of an experiment decreases. Thus for large angular scale experiments
such as COBE, whose resolution is 10◦, cosmic strings predict gaussian behavior
of perturbations. The degree of non-gaussianity of string perturbations depends
crucially on the parameters of the scaling solution. For a large number of strings
per horizon volume, M , we expect the perturbations to remain gaussian down
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to small angular scales. Numerical simulations of string network evolution indi-
cate M ≈ 10, which may be large enough to wipe out non-gaussian signatures
on scales of one degree or even smaller.
In this work we use Monte-Carlo simulations to construct one-dimensional
patterns of string-induced temperature fluctuations. We then use these patterns
to test the scale invariance of the perturbations as well as quantify the depen-
dence of the non-gaussian features on the resolution, the instrument noise, and
the scaling solution parameters.
We describe in the next section the approximation used in the Monte Carlo
simulations to construct the temperature fluctuation patterns for both the string
and inflation theories. We approximate the fluctuations using step function
superposition. The power spectrum of the resulting pattern is used to create
a random phase realization pattern which is constructed by assigning random
phases to the Fourier mode amplitudes obtained from the spectrum. Thus we
have a gaussianized distribution for comparison with the initial one which has
exactly the same power spectrum. Any differences between the two patterns are
due not to spectrum differences but to the non-gaussian features of the stringy
pattern. We use Fast Fourier Transform methods to obtain the power spectra
of fluctuation patterns and thus show explicitly the range of scales over which
the scale invariance persists. We justify our results via qualitative arguments.
In Section 3 we use the constructed temperature patterns to compare the
probability distributions of fluctuations generated by cosmic strings and by in-
flation. We show explicitly that the non-gaussian features of the string patterns
are only evident for microwave background experiments of very high resolution
and find the minimum resolution required to distinguish the two models. We
also show that this result is extremely sensitive to instrumental noise; even a
modest amount of gaussian noise is enough to destroy all non-gaussian features
on small scales.
Finally, in Section 4 we conclude and discuss interesting extensions of this
project.
2 Simulations and Spectra
We construct patterns of cosmic microwave background fluctuations by dividing
the time between recombination and the present into a set of discrete expansion
time steps and applying string perturbations at each step. This type of multi-
ple impulse approximation for strings was devised by Vachaspati [30] and first
applied to microwave background fluctuations by Perivolaropoulos [31]. The
earliest perturbation and first step occurs at the recombination time trec, when
the angular size θ(trec) of the causal horizon scale is about 2
◦. The angular size
of the horizon grows with time according to
θ(t) ≈ ( a(t)
a(t0)
)
1
2 ≈ t 13 , (8)
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where a(t) is the scale factor of the universe, and during the matter-dominated
era when the string perturbations would have taken place, a(t) ≈ t 23 . Each
subsequent step occurs when the causal horizon scale t doubles in size. Namely,
ti+1 = 2ti =⇒ θi+1 = 2 13 θi, (9)
where
θ1 = θ(trec) ≃ 2◦. (10)
Consider a lattice of N pixels along an arc of the sky with size Θ. At the
ith time step,
ti = 2
itrec, (trec < ti < t0), (11)
and our lattice includes qi angular horizon scales, where
qi =
Θ◦
2i/32◦
. (12)
Let M ≃ 10 be the number of long strings per horizon in the scaling solution
as predicted by numerical simulations of string networks [3]. Then the total
number of randomly located step function perturbations ni to be superposed
on the pixel array during the ith expansion step is the product of the number
of horizons and the number of strings per horizon,
ni = Mqi =
MΘ◦
2
1
3 2◦
. (13)
The angular size ξi of each step function is approximately equal to the horizon
size at the time step when the seed perturbs the lattice, so we have
ξi = 2
(i−1)
3 2◦. (14)
Since we are not interested in the overall normalization of the fluctuation pat-
terns, we choose the amplitude of each step function to be a random number in
the range [−1, 1]. This accounts for the random velocities and orientations of
long strings (see Eq. (2)). By performing the superposition of seeds as deter-
mined by the above quantities for each time step, we produce a pattern of seed
fluctuations. When the angular size of the step functions and thus the horizon
size becomes larger than the size of our lattice, the time steps end because such
large seeds affect all of the pixels by the same amount and do not change δTT ,
the fluctuation pattern.
After the pattern is constructed, we use FFT methods to find the Fourier
transform of the completed pattern and thus its power spectrum as given in Eq.
(4), by averaging over 100 realizations.
For each string fluctuation pattern, we also construct a corresponding “ran-
dom phase realization” (RPR) of the pattern which serves as an approximation
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to the type of pattern predicted by inflation theories. The RPR is the new tem-
perature fluctuation pattern obtained by randomizing the phases of the Fourier
modes and then using them to reconstruct a different pattern. This pattern is
the best approximation we can make to inflationary fluctuations without chang-
ing the power spectrum of the pattern. Thus the RPR pattern g(θ) is given by
g(θ) =
+∞∑
k=−∞
e(ikθ)|f(k)|e(iθk), (15)
where θk is a random number in the range [−π, π]. By the central limit theorem,
the large number of terms in the sum (15) implies that the pattern g(θ) will be
random, obeying a gaussian probability distribution.
First we demonstrate the scale invariant nature of the string-induced per-
turbations in patterns produced by our approximation. Figure 2 is a plot of
log kP (k) versus log k for an experiment with resolution 2◦ (where P (k) is the
ensemble average of 100 realizations). For the slope we found
kP (k) ≈ k−0.16±0.10, (16)
which is consistent with a scale invariant spectrum with kP (k) approximately
constant, and spectral index n ≈ 0.84± 0.10. As discussed in the introduction,
we expected this result since the angular scale of the horizon at the recombina-
tion time was only 2◦ and the sizes of seeds spanned all larger scales; thus we
see a scale invariant spectrum over a large range of scales. There are no seeds
smaller than the minimum horizon size of 2◦ because any perturbations on pho-
tons produced before trec are erased by multiple scattering on the plasma. Thus
scale invariance breaks down for scales less than 2◦. Perivolaropoulos gives a
simple analytic derivation of the scale invariance of the string fluctuations and
the range of scales in which it should persist, i.e.
k ∈ [− π
θmin
,
π
θmin
], (17)
which depends on the angular scale of the last scattering horizon, θmin ≃ 2◦
[27].
We have demonstrated the scale invariance of the string-induced perturba-
tions, a result that is consistent with COBE data, but which does not distinguish
the predictions of the inflation model from those of the cosmic string model.
This distinction may be made by examining the non-gaussian features of the
fluctuations in the statistics of their distributions.
3 Non-Gaussian Features
As discussed in the introduction, most models based on inflation predict that
the probability distribution of microwave background temperature fluctuations
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is described by the gaussian of Eq. (7). The same kind of gaussian distribution,
with different variance, is predicted for any linear combination of neighboring
pixels, such as the temperature difference between two adjacent pixels. In what
follows, we use this property of patterns of temperature differences to examine
the non-gaussian features predicted for patterns of string-induced perturbations
created by our Monte Carlo simulations.
Two mechanisms tend to suppress the non-gaussian character of a string fluc-
tuation pattern. The first is the consequence of the central limit theorem, which
states that a gaussian probability distribution results from the superposition of
a large number of random variables which may have non-gaussian probability
distributions. Thus the gaussian is an attractor for all other probability distri-
butions. The distribution of string-induced fluctuations will therefore appear
gaussian if the number of seeds perturbing each pixel is large; this occurs in
low resolution experiments in which the angular size of each pixel is large, and
in theories which predict a large number of seeds per horizon, i.e. M = 10 for
strings.
The second mechanism is instrumental noise, which hides the non-gaussian
signatures by superposing a gaussian distribution of noise upon them. The
typical signal to noise ratio for microwave background experiments is about 2.
A useful way to determine whether a distribution in a random variable x
obeys a gaussian probability distribution is to compare the moments of x with
the corresponding moments of a gaussian. The nth moment λn of a distribution
in x is defined as
λn =
< xn >
< x2 >
n
2
=
∫
xnf(x)dx
(
∫
x2f(x)dx)
n
2
, (18)
where f(x) is the probability distribution of the random variable x. The third
and fourth moments are known as the skewness and kurtosis. For a gaussian
distribution, the skewness is 0 and the kurtosis is 3. In practice, the skewness
and kurtosis are obtained by using N measured values of the temperature fluc-
tuation, where N would for example be the number of pixels in an experiment.
Thus, even for a gaussian distribution the values λ3 = 0 and λ4 = 3 would
not be obtained for finite N . Instead, the moments of a discrete distribution
with finite but large N are random variables with gaussian probability distri-
butions centered about the ideal values of the moments (i.e. those for which
N approaches infinity), and with standard deviation σ which is proportional
to ( 1N )
1
2 (σλ3 =
√
15
N , σλ4 =
√
96
N ). Thus a temperature fluctuation pattern
may be characterized as non-gaussian if the measured value of its kurtosis or
skewness lies at least 1σ from the gaussian value.
The moments as defined in terms of the generating function of a distribution
may be used to illustrate the effects of the central limit theorem on seed-induced
fluctuation patterns. In general the generating function Mδ(t) is the Laplace
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transform of the probability distribution P (δ) of the variable δ, defined by
Mδ(t) =
∫
etδP (δ)dδ =⇒ < δn > = d
n
dtn
M(t) |t=0, (19)
where t is a dummy variable. Thus the nth derivative of the generating function
of a variable is the nth moment of the distribution. The probability distribution
of Eq. (7) may be rewritten through a change of variable as
P (δ) =
1√
2π
e−
δ
2
2 . (20)
Then the generating function of the gaussian is given by
Mδ(t) = e
t
2
2 , (21)
and the definition (19) gives for the skewness λ3 = 0 and for the kurtosis λ4 = 3.
An important property of generating functions is that for two variables δ1 and
δ2, their generating functions satisfy
Mδ1+δ2 = Mδ1Mδ2 . (22)
The central limit theorem states that if
δn = x1 + ...+ xn, (23)
and
P (x1) = ... = P (xn), (24)
then as n −→∞,
P (δn) −→ 1√
2πσ2n
e
−
δn
2
2σ2
n . (25)
The temperature fluctuation pattern for gaussian perturbations may be ex-
panded in Fourier modes as
δ =
δT
T
(θ) =
∞∑
k=−∞
|δk|eiθkeikθ. (26)
The gaussian probability distribution P (δ) is given in Eq. (20). For string-
induced perturbations, the temperature fluctuation pattern is given by
δ =
δT
T
(θ) ≈
n∑
i=1
fψ1 (θ − θi), (27)
where f1 is a seed function (step-like) superposed at random angular locations
θn. The generating function for the moments of the fluctuation due to the first
seed x1 is
Mx1(t) = < e
tx1 > = (pet + pe−t + (1 − 2p)e0), (28)
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where p = ψL is the probability that the step function perturbation affects a
given pixel. By the property of Eq. (22), we have for the generating function of
moments of the combined fluctuations of many seeds
Mδn=x1+...+xn =Mx1 ∗ ... ∗Mxn = (2p cosh(t) + (1 − 2p))n. (29)
In the limit t << 1, we can expand Eq. (29) to obtain
(1 +
(2pn)t2
2n
)n, (30)
which for large number of seeds n >> 1 approaches a gaussian limit,
Mδn −→ e
σ
2
n
t
2
2 . (31)
From Eq. (28) function we can calculate the moments of the seed fluctuation
pattern according to Eq. (19):
λ2 = σ
2
n =
d2
dt2
Mδ(t) = 2np, (32)
λ3 =
d3
dt3
Mδ(t) = 0, (33)
λ4 =
d4
dt4
Mδ(
t
σn
) = 3 +
1− 6p
2np
−→ 3. (34)
Thus we have shown that in accordance with the central limit theorem, the
moments of the string-induced fluctuation pattern approach the values of the
corresponding moments of the gaussian probability distribution for large num-
bers of seeds.
We use the moments to compare our string-induced fluctuation patterns with
their RPRs and thus find the values of parameters such as signal to noise ratio
and experimental resolution which allow us to detect the non-gaussian nature of
a string pattern. As described in Section 2, we create the patterns of string fluc-
tuations from superposition of step function perturbations on a one-dimensional
array of 512 pixels; the inflationary patterns follow by randomizing the phases
of the Fourier modes of the string fluctuations (the RPR), but retaining the
same power spectrum as that of the string pattern. We varied the values of
angular resolution (or pixel size) and signal to noise ratio, and constructed 100
patterns for each case. The 100 patterns were used to calculate the means and
standard deviations of λ3 and λ4 for each experiment.
Instrumental noise was introduced by adding to the temperature fluctuation
value of each pixel an uncorrelated gaussian random component such that the
ratio of the standard deviation of this component to the standard deviation of
the true signal (temperature fluctuation) was set equal to the inverse of the
signal to noise ratio ((s/n)−1). (Where the noise is zero we do not define s/n.)
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Although measurements of microwave background radiation are plagued by cor-
related non-gaussian noise from our galaxy as well as instrumental noise, the
effects of galactic noise are usually minimal compared to the latter because galac-
tic noise can be modeled and subtracted from the data. In addition, even full
sky maps such as those of COBE exclude data from the galactic plane. Residual
galactic noise would have a small non-gaussian influence on the kurtosis of the
fluctuations, but this effect would be the same at all experimental resolutions
because galactic noise is continuous. The galactic non-gaussian component in
the kurtosis of the temperature fluctuations thus remains constant with improv-
ing resolution, in contrast to the kurtosis of string-induced fluctuations which
rapidly increases with increasing resolution because of the discontinuous nature
of string seeds, as we will show. Thus the non-gaussian character of galactic
noise would be easily distinguishable from that of string-induced fluctuations at
high resolutions. Since adding galactic noise would only shift the kurtosis of a
fluctuation pattern up by the same small amount at all resolutions, we neglect
it, and include only uncorrelated gaussian noise in our model.
The step functions superposed to create the string fluctuations are antisym-
metric, so it is equally likely for a temperature perturbation to be positive or
negative. Thus the skewness predicted for the string pattern is zero, since this
moment measures the symmetry of a distribution. Since zero is also the ideal
value of the gaussian skewness, the skewness is not useful for distinguishing
the string and gaussian patterns. We therefore focus on the statistics of the
kurtosis λ4 in what follows. (It has been shown that for higher moments of
string patterns, the non-gaussian character is more easily detected than for the
kurtosis, but the errors for higher moments increase faster than the degree of
non-gaussianity, so we do not consider them [32].)
Figure 3 is a plot of kurtosis versus angular resolution with zero noise for
both string and gaussian temperature fluctuation patterns. The values of λ4
for both the seed and gaussian patterns are nearly the same, approximately the
gaussian value of 3, for even the highest resolutions considered (0.5 arcmin).
Thus even under the best experimental conditions (very high resolution and
zero noise), this kurtosis test cannot distinguish between the two temperature
fluctuation patterns. The number of seeds falling on the array is large enough
to obscure the non-gaussian character of the seed perturbations as the central
limit theorem predicts.
In order to improve our chances of observing the non-gaussian signatures of
string perturbations, we cannot lower the number of seeds perturbing each hori-
zon (M = 10) at each expansion step, since it is fixed by numerical simulations
of the string scaling solution. We can, however, decrease the influence of the
other factor causing large numbers of seeds to perturb a given pixel, the width
of each seed step function; each step function affects all of the pixels within its
horizon, and by the end of the simulation one perturbation spans the whole pixel
array. The way to eliminate this effect is to examine the difference between tem-
perature fluctuations in adjacent pixels, which is proportional to the derivative
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of the pattern. In this case the seeds superposed are not step functions but delta
functions localized at the discontinuities induced by the step functions. We thus
dramatically decrease the number of perturbations which influence each pixel,
improving our chance of observing any non-gaussian characteristics in the string
patterns.
The success of this method in revealing the difference between the seed and
gaussian fluctuations is demonstrated in Figure 4, in which we plot the kurtosis
of the gradient of fluctuations versus resolution, and compare the patterns and
their RPRs with zero noise. The plot shows that the non-gaussianity of the
seed fluctuations is clear only for very good resolutions of less than 0.1◦ (6
arcminutes). The error bars indicate 1σ deviations; since the seed and gaussian
errors do not overlap at high resolutions, we can distinguish fairly well between
the two patterns for experiments with such resolution.
However, any realistic experiment will necessarily include some level of in-
strumental noise. Will the predicted non-gaussian features persist when the
effects of noise are taken into account?
We addressed this question by adding a modest amount of noise (s/n = 3.3)
to the temperature fluctuation maps and their RPRs and then constructing the
temperature difference maps. In Figure 5, a plot of λ4 versus angular resolution,
we show that the noise completely removed the non-gaussian features for all
resolutions. Though examining the temperature differences reduces the effect of
too many seeds leading to gaussianity in the moments, it also greatly reduces the
amount of “signal” in the average pixel, since it only counts the delta function
spikes of the seed. The amplitude of the noise added depends on the standard
deviation of the temperature fluctuation pattern from its mean, however, not
the deviation of the temperature gradient pattern. It thus overwhelms the small
amount of non-gaussian information in the gradient pattern and produces a
pattern composed mainly of gaussian noise whose moments are highly gaussian.
We conclude that unless the amount of instrumental noise is unrealistically
low (s/n ≃ 10 or greater), it is extremely difficult to detect the non-gaussian
character of the cosmic string fluctuations using tests based on the skewness or
kurtosis.
An obvious way to amplify the non-gaussian features predicted by models
based on topological defects is to decrease the numberM of superposed seeds per
horizon scale. To do this we must consider models based on topological defects
other than strings, since for strings M is fixed by simulations to be about 10.
In the case of textures, for instance, we expect to find that tests based on the
kurtosis will be more successful than they are with strings, because simulations
predict that their value of M is about 0.05. While 10 strings appear in each
horizon, only 1 texture forms and collapses in every 20 horizons at a given time.
For non-string types of seeds, the structures of the perturbations they cause are
not the same as the step function model appropriate for strings; the forms of the
other seed perturbations are in general not discontinuous, so their probability
distributions are more gaussian than that of the superposed step functions.
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However, keeping in mind that we may be overestimating the non-gaussian
features, we may use the step functions to obtain a rough answer to the fol-
lowing question: What is the maximum number of seeds M per horizon scale
for a model in order for this model to have detectable non-gaussian features for
resolutions of about 1 arcminute and s/n ≈ 5?
In Figure 6, a plot of kurtosis λ4 versusM for experiments with s/n = 5 and
resolution of 1 arcminute shows that the maximum M for which the kurtosis
is clearly not gaussian is 0.1. This suggests that it may be possible to detect
non-gaussian signatures of the texture model for experiments with resolution
θmin ≤ 1 arcminute and s/n ≥ 5.
4 Conclusion and Outlook
We have compared the temperature fluctuation and temperature gradient pat-
terns created by Monte Carlo simulations based on a simple model for cosmic
string fluctuations in the cosmic microwave background. We confirmed that
our patterns have scale invariant power spectra over a wide range of scales,
in agreement with COBE observations and the predictions of the topological
defect and inflation theories; we showed that the kurtosis test can detect the
non-gaussian features of the seed patterns, but for strings this test fails when we
include even a small amount of instrumental noise because of the large number
of seeds per horizon M = 10. For seed perturbations of the form of the string
step function, the maximum value ofM for which we might expect to detect the
non-gaussian characteristics of a pattern is about 0.1, but this is an optimistic
figure since other topological defects generally induce seed perturbations which
are smoother than those of strings.
Since the moments are capable of distinguishing seed and gaussian patterns
only in experiments with unrealistically low amounts of noise, they are not a
viable test with which to analyze observed temperature fluctuation patterns and
determine the nature of the primordial perturbations in the CMB. The study of
other tests on the statistics of seed and gaussian patterns, such as the correlation
of the Fourier phases of the power spectra, may produce more positive results.
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5 Figure Captions
Figure 1: Kaiser-Stebbins Effect. A cosmic string with a velocity compo-
nent perpendicular to the observer’s line of sight induces a temperature pertur-
bation δTT in microwave background photons crossing its path within a horizon
scale.
Figure 2: This plot of log kP (k) versus log k shows the large range over
which the fluctuation pattern is scale invariant. It has a nearly constant slope
of −0.16± 0.10, which gives the spectral index n ≈ 0.84± 0.10.
Figure 3: Plot of kurtosis of temperature fluctuations versus angular reso-
lution (θmin) with zero noise. Even at the highest resolutions, this test cannot
distinguish the gaussian from the string pattern.
Figure 4: Plot of kurtosis of temperature gradient of fluctuations versus
angular resolution. For high resolutions and zero noise, this test can distinguish
between seed and gaussian patterns.
Figure 5: Same as Figure 4 but with gaussian instrumental noise added. A
signal to noise ratio of 3.3 destroys all trace of the non-gaussian features of the
seed pattern.
Figure 6: Plot of kurtosis versus number of seeds per horizon for seeds
of the form of step functions. For the smallest values of M the kurtosis of
string patterns deviates most from the gaussian, suggesting that fluctuation
patterns for seeds with smaller M values such as textures would be more easily
distinguished from the gaussian than string patterns.
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